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Identification of Flexible Joints in Vehicle Structures

Kwangju Lee* and Efstratios Nikolaidist
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

A method for identification of flexible joints in vehicle structures is presented. The method identifies
the most important parameters of a joint model and estimates their values by using displacement mea-
surements of the overall structure. Thus, the method can be used to develop simple, design-oriented joint
models that are suitable for preliminary structural design. The viability of the proposed method is dem-
onstrated by applying it to plane frame structures with flexible joints.

Nomenclature
b = vector of parameter estimates
b’ = vector of parameter estimates obtained by using the
Jth data subset
C = covariance matrix
CJ, = covariance matrix of parameters obtained by the jth

data subset
= force vector
global stiffness matrix
stiffness matrix of a joint
stiffness. matrix of the vehicle structure without joints
vector of displacements
vector of measured displacements
vector of estimated displacements
vector of regressor variables.
matrix of sensitivity derivatives of the displacements
with respect to the parameters of the joints
vector of parameters of a joint model
the vector of transformed joint parameters in principal
direction analysis
vector of measurement errors
combinations of n objects taken m at a time
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Subscripts
b = vector of parameter estimates
€ = vector of measurement errors

1. Introduction

ERY detailed finite element models of vehicle structures
Vare used to predict their static and dynamic structural re-
sponse. However, for preliminary design, it is more reason-
able to employ simpler, design-oriented models. Such models
should be inexpensive to analyze so that many design itera-
tions can be executed. These models should be defined in terms
of a small set of design variables that further alleviates the
designer’s job.

One of the major difficulties in developing and employing
a design-oriented model of a vehicle structure is to have a sim-
ple and accurate model of the flexible joints at body connec-
tions. Although little is known on how to construct simple ac-
curate models of such joints, it is widely accepted that the
flexibility of the joints may, in some cases, dominate the re-
sponse of vehicle structures.’

The following are some of the obstacles encountered in
modeling the behavior of joints: 1) The joint branches may be
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flexibly connected in rotation in all three planes of the three
dimensional space. 2) The rotations of the branches at different
planes are coupled. 3) The branches do not rotate about the
same point. ‘4) The behavior of the joints may be nonlinear
even for small angles of rotation of its branches.

According to the aforementioned facts, it is difficult to model
the behavior of joints. Consider, for example, a finite element
model with 6n degrees of freedom, representing a joint with
n branches. If the behavior of the joint is assumed to be linear,
we need (6n — 6) X (6n — 5)/2 independent parameters in
order to define the stiffness matrix of this model.

The flexibility of joints has been studied by various re-
searchers in several engineering fields. Chang' used torsional
springs to model joints in automotive structures and demon-
strated that their flexibility is important. Chon® proved the ex-
istence of upper and lower sensitivity thresholds for the pa-
rameters of a joint” modeled by torsional springs. More
specifically, he demonstrated that if a joint is too stiff or too
flexible in rotation in a particular plane compared to the re-
maining structure, then it can be considered as rigid or free to
rotate, respectively. This allows us to simplify a joint model
by neglecting some of its parameters. Borowski® used trans-
lational and torsional springs to represent the flexible joints in
car frames. He determined the unknown values of the spring
stiffness parameters by tuning them so that theoretical predic-
tions match dynamic test results. Hughes* developed models
of the joints in transverse frames of ships. His models are two
dimensional, and besides the joint flexibility, they also ac-
count for the rigid behavior of the bracketed branches in the
vicinity of joints. The joint branches rotate about the geomet-
rical center of the joint and they are connected by torsional
springs. Hughes demonstrated that standard frame analysis,
which treats joints as rigid, leads to errors in the deflection
and bending moment, which might reach 50% of the corre-
sponding actual values. Garstecki® studied optimal design of
joints in linear elastic beams and frames. Ioannidis and
Kounadis® studied the effect of joint flexibility on the nonlin-
ear buckling load of metal portal frames.

Since our work employs system identification to identify the
joint models and simplify them, we briefly review some recent
studies in this area. The objective of system identification is
to identify a model that represents the behavior of a given sys-
tem with acceptable accuracy. In system identification we em-
ploy estimation methods, deterministic or probabilistic, in or-
der to determine the parameters of the model.”

Baruch® and Berman and Nagy’® developed a system iden-
tification procedure to determine the parameters of a structural
system from dynamic test results. They determined the param-
eters by identifying a set of minimum changes in the original
stiffness or mass matrices so that the eigensolution exactly agrees
with test measurements. However, only in Baruch’s method
the rigid body modes of the identified system remain the same
as those of the original system. Usually, it is difficult to mea-
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sure the mode shapes of a vibrating system. Methods have
been recently introduced for identifying the mode shapes from
dynamic response measuremernits.'® Butkunas'' successfully

identified regions in the models of automotive structures that

should be changed so that finite element predictions exactly
agree with experimental results. In this approach, the overall
car model was calibrated so that theoretically predicted natural
frequencies and mode shapes exactly match measurements. In
the aforementioned studies there are more unknown parame-
ters than measurements, which allows us to exactly match pre-
dictions with measurements.

A probabilistic approach for system identification for non-
linear systems, which employs a recursive filtering algorithm,
was proposed by Yun and Shinozuka.'? Collins' developed a
probabilistic identification method that uses measurements of
mode shapes and natural frequencies to estimate the parame-
ters of a linear dynamic system. This method essentially con-
sists of repeated application of a sequential linearization tech-
nique (see, for example, Draper and Smith™ and Bard™).

Recursive estimation’® has also been used and found to be
efficient and effective in determining the parameters of a model.
A review on this type of estimation is done by Isenberg.'” Al-
len and Martinez™ integrated a- commercial software package
for finite element analysis (MSC/NASTRAN) and a computer
code for Bayesian estimation of linear systems. Their com-
puter code was used to successfully identify models for a truss
structure and an electronic package.

A comparison between the: deterministic approach used in
Refs. 8—11 and probabilistic estimation leads to the conclusion
that the latter is more reliable than the former. The following
are some of the advantages of probabilistic estimation: 1) It
accounts for measurement errors and gives more weight to more
accurate measurements. 2) It provides measures of the errors
in parameter estimates.

The objective of this work is to develop a method for iden-
tifying and simplifying joint models for vehicle structures. The
basic idea is to estimate the model parameters and identify the
important ones from the measured responses of the overall
structure by employing probabilistic nonlinear estimation.'*"?
More specifically, joint models are identified by minimizing
the discrepancy between theoretically predicted displacements
and measured ones. In our opinion, the idea of using mea-
surements of the overall car has the following advantages:

1) The difference between important parameters and un-
important ones is that only the former significantly affect the
deflection of the vehicle body. Thus, the most appropriate way
to exploit this fact and identify the important parameters is to
examine the sensitivity of the displacements of the overall ve-
hicle structure with respect to all parameters. The proposed
method accounts for this sensitivity and thus it is expected to
be more effective than methods that deal only with displace-
ment measurements on isolated joints.

2) The flexible behavior of a joint connected to the other
structural members of the vehicle may be considerably differ-
ent from that of an isolated joint with unconstrained ends. Be-
cause of the coupling between the axial and torsional responses
of the branches, the joint has an effective torsional stiffness
that may be considerably higher than that of a joint isolated
from the rest of the vehicle. The proposed method estimates
these effective stiffnesses rather than measuring nonrepresen-
tative values of the stiffness parameters as it is done in ex-
periments performed on isolated joints.

In this study, we neglect the effect of modeling error in de-
scribing the behavior of the overall structure: This type of error
might lead to significantly biased parameter estimates. How-
ever, to the best of our knowledge, there is no estimation method
that takes into account this type of error. The effect of mod-
eling error and the ability of the joint model to represent the
behavior of the actual joint can be assessed by comparing the
response of vehicle model, which includes the identified joint
models against that of the actual structure under loading con-
ditions that have not been used in estimation.

First, we develop a two-dimensional finite element model
for a flexible joint. It is assumed that the joint behavior is
linear and that its branches rotate about its geometric center.
The spring stiffnesses are the joint parameters to be estimated.
Then, we formulate the problem by defining the nonlinear es-
timation model relating the vehicle static response to the joint
parameters. We also present a methodology for estimating these
parameters and for simplifying the joint models. Finally, this
methodology is demonstrated by applying it to identify the joints
of an automotive frame structure.

1I. Methods

A. Joint Parameterization

A flexible. joint is usually modeled using torsional springs
that constrain the relative rotations between its branches.'>"
In this study, a flexible joint with n branches in a plane is
modeled by (3) torsional springs. The stiffnesses of these springs
form a set of independent parameters that define the joint model.
In modeling the joint, the following assumptions are made: 1)
The behavior of the joint is linear elastic. 2) The joint branches
are rigidly connected in translation. 3) The joint branches ro-
tate around the same point, which is called the center of the
joint. ,
A-finite element model can be developed for an n-branch
joint by considering n nodes located at its center. Thus, we
have 3n degrees of freedom (DOF), which correspond to two
translations and one rotation for each node. According to the
second assumption, the translational DOF of all connecting
nodes are the same. Therefore, we have (n + 2) DOF for an
n-branch joint in a plane. The stiffness matrix corresponding

_to this joint model is an (n + 2) X (n + 2) matrix, whose first

two rows and columns correspond to horizontal and vertical
deflections and contain zeros. The remaining rows and col-
umns correspond to the rotations of the n nodes. For example,
the stiffness matrix K, of the 3-branch joint élement in Fig. 1
is as follows:

0 0 0 0 0
0-0° "0 0 0
K; =10 0 Bi+ps —B —Bs M
00 =B Bi+h —-B
0 0 -8 “B: B2t B

Each of the n nodes of the joint model is connected to the end
of the corresponding beam of the remaining structure contain-
ing the joint.

Thus, we can form the global stiffness matrix K of a struc-
ture with m flexible joints by assembling the stiffness matrices
of the joints, K,; (( = 1, ..., m), with that of the remaining
structure without joints, Kg: ‘

K= K;+Kg @

i=1

The resulting model accounts for the flexibility of the joints.

B
Bs

B:
Fig. 1 Model of a flexible joint with three branches in a plane.
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B. Nonlinear Estimation Model

The estimation model in this paper is nonlinear. More spe-
cifically, the analytically predicted displacements of a struc-
ture with flexible joints are related to the stiffness parameters
according to the following nonlinear equation:

u=K@B,x0"'f 3

where u is a displacement vector, f is a force vector, and K
is a global stiffness matrix whose elements are functions of the
vector of the joint stiffness parameters, B, and the vector of
regressor variables, x, which defines the magnitudes and po-
sitions of applied loads and the boundary conditions.

There are discrepancies between analytical and experimental
displacements, which are due to the following: 1) errors in
measuring displacements; 2) errors in modeling the joints; and
3) errors in modeling the remaining structure without the joints.

In this study, we neglect the latter two types of error. The
measured displacement will be written as

u,=K@PB,x)"'f+e C))

where u,, is the vector of measured displacements and € is the
vector of measurement errors. It is reasonable to-assume that
the elements of £ are zero mean Gaussian random variables.
However, they are not identically distributed because the er-
rors are not the same for all measurements. The statistics of
€ are defined by its covariance matrix C,. The diagonal entries
of C, are the variances of the measurement errors. Each non-
diagonal entry is the covariance of the measurement errors in
the displacements corresponding to the position of the entry.

C. Estimation

1. Classical (Batch) Estimation

The joint parameters are identified by using a procedure that
is called nonlinéar weighted estimation.'*'* In nonlinear
weighted estimation, the vector of parameter estimates b is
determined by minimizing the weighted sum of squares of er-
rors between predicted and measured displacements:

(Wt — B C. (U, — @) &)

where u,, is the vector of measured displacements and & is
the vector of the estimated displacements corresponding to b.
The inverse of the covariance matrix of measurement errors,
C.', is introduced in Eq. (5) in order to account for the level
of accuracy associated with each measurement and weight
measurements accordingly.

We use the Gauss-Newton method, also known as the suc-
cessive linearization method, to solve the nonlinear estimation
problem.'*"* By taking a linear Taylor series expansion of the
model in Eq. (3) about some initial estimate of the parameter
vector b;, and by setting the derivative of the weighted error
sum of squares in Eq. (5) with respect to b equal to zero, the
vector of improved parameter estimates, b, can be found by
the following:

b = b+ 2°C;'2)"'Z'C; (u, — ) ©)

where both @ and Z are calculated for B = b,.'*° Z is the
matrix of sensitivity derivatives whose jth column, ou/db;, is
the derivative of the displacement vector-u with respect to the
jth parameter b;, and is found by the Direct method®":

ou of oK
—=— - ™
ab; ob; ob

Equation (6) can be used to define an iterative procedure for
estimating b. We start with an initial guess for the vector of
parameter estimates b,. Equation (6) can be used to obtain a
sequence of vectors of parameter estimates, by, by, ..., b,. In
most of the cases this sequence converges to the vector of the

actual values of parameters 8. The above iterative procedure
is stopped according to some convergence criterion.

The convergence of the Gauss-Newton method is not robust.
Fortunately, the convergence can be improved by using a step
factor.”®?' to restrain the change in the vector of parameter
estimates at every iteration. This idea is implemented by using
the following equation for the updated vector of parameter es-
timates b;,;:

b,’+1 = b,- + AAbl (8)

where A is a step factor and Ab; is a vector of parameter in-
crements determined at the ith iteration stage without using a
step factor. Ab; is obtained from Eq. (6) as the difference be-
tween b;., and b;. We start with A = 1 at the beginning of
each iteration. If the objective function in Eq. (5) correspond-
ing to b;,, is larger than the value corresponding to b;, ‘we
reduce A by half. We keep evaluating the objective function
at the corresponding b;,; and reducing A by half until the ob-
Jjective function becomes smaller than the value corresponding
to bi'
The covariance matrix of parameters is calculated from

C,=Z'C; )™ &)

where Z is calculated ‘at the converged value of the vector of
parameter estimates b.

2. Bayesian (Recursive) Estimation

In Bayesian estimation, we divide a large set of measure-
ments into smaller subsets and estimate the parameters using
each data subset successively. Every time we consider a new
data subset, we use the prior parameter estimates and their
covariance matrix to update the parameter estimates and their
covariance matrix.'”'® For example, consider the (j + 1)th
data subset with the prior vector of parameter estimates b’ and
their covariance matrix Cj} which have been found by using
the jth data subset. The updated vector of parameter estimates
b’*' is determined so that it minimizes the weighted error sum
of squares plus the difference between the prior vector of pa-
rameter estimates b’ and the updated one b'*!, weighted by
the inverse of the covariance matrix of the prior parameter es-
timates [C}]™"

(= B [C7 (e = @)+ B = B ICT' @~ b7
a0

where u,, is the vector of measured displacements in the (j +
1)th data subset and @ is the vector of the corresponding es-
timates of these displacements. In Bayesian estimation, the it-
erative procedure for the updated vector of Parameter estimates
is obtained from the following equation'”%;

Bl =0+ {[C)1" + Z7C 2y 27
x {u, —u— Z( — bY} 11)

Equation (11) is used to update the estimates of parameters by
using the (j + 1)th data subset, the prior estimates, &', and
their covariance matrix, C}. Superscripts j and (j + 1) in Egs.
(10) and (11) denote the data subset number. Subscripts i and
(i + 1) indicate the iteration number in the Gauss-Newton
method (Fig. 2). Both u and Z are calculated for B = bi*',
The covariance matrix of the updated parameter estimates is
calculated from the following equation:

ct = (ci + 27e) 'z (12)

If the values of the prior parameter estimates are unknown
at the beginning of estimation, we start with very large values
in the diagonal elements and zeros in the off-diagonal elements
for C}, in Eqgs. (11) and (12).

When the estimation model is linear with respect to the pa-
rameters, Bayesian estimation gives the same results as a pro-
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e

F v
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ore data subsets?

Fig. 2 Schematic diagram for Bayesian estimation: Superscripts
jand j + 1 denote the number of data subsets (outer loop); sub-
scripts { and i + 1 denote the iteration number in successive li-
nearization method (inner loop).

cedure that employs classical estimation and estimates the pa-
rameters by considering all of the data subsets simultaneously.
When the estimation model is nonlinear with respect to the
parameters, Bayesian estimation gives results that are approx-
imately equal to those from classical estimation.

Finally, another advantage of Bayesian estimation is that it
allows us to improve the efficiency of estimation by designing
experiments properly. For example, consider the case that some
parameters are poorly estimated because the measurements are
not sensitive to these parameters. By using these results, we
can determine a new subset of measurements that are sensitive
to the aforementioned parameters and update the estimates by
using Bayesian estimation. This procedure will be demon-
strated in Sec. III.B.

D. Practical Considerations

The response of a structure may be insensitive to some stiff-
ness parameters. This usually occurs when the joint is either
too stiff or too ﬂex1b1e in some directions compared to the rest
of the structure.” For each parameter, there are two values called
lower and upper sensitivity thresholds. If the value of a pa-
rameter is out of the range defined by the lower and upper
sensitivity thresholds, then it does not affect the response of
the structure. Depending on the specific case, the joint model
can be simplified by considering that the joint is infinitely flex-
ible or stiff in some particular direction.

In deciding which parameters are unimportant, we may use
the covariance matrix of the parameter estimates and/or their
confidence contours. However, the estimates of some param-
eters might be poor not only because these parameters are un-
important but also because the experiments were not well-de-
signed. We can improve these estimates by taking additional
measurements that are sensitive to these parameters and by
applying Bayesian estimation. If the standard deviation of the
estimates reduces significantly, then these parameters are im-
portant and they should be retained in the model. Otherwise,
we can simplify the model by discarding them. In this section,
we describe some tools that can be used to identify the un-

important parameters. After discarding unimportant parame-
ters, we use the lack-of-fit test to check if the simplified model
for the joint fits the data.

The following statistical tools are exactly true for linear es-
timation problems only. In nonlinear estimation, which is the
case of this paper, these tools yield approximate results.

1. Covariance Matrix of Parameters

The covariance matrix of the parameter estimates C, is ob-
tained from Eq. (9) or Eq. (12). The diagonal elements of this
matrix are the variances of the corresponding parameter esti-
mates. These variances indicate the reliability of the corre-
sponding estimates; the larger the variance, the poorer the es-
timate. Practically, we assess the reliability of a parameter
estimate by using the coefficient of variation p; which is given
by

pi = o/ b; (13)

where oy, is the standard deviation of the ith parameter and b,
is its estimate. A large coefficient of variation means that either
the parameter is unimportant or the measurements are not sen-
sitive to this parameter.

2. Confidence Contours

A confidence contour is a region in the parameter space,
centered around the estimated values of parameters, such that
the actual values of the parameters fall within this region with
a prescribed probablhty The smaller the size of the confi-
dence contour in a particular direction, the higher the reli-
ability of the estimate for the corresponding parameter.

If the measurement errors are normally distributed, then the
probability distribution of the estimates of parameters is ap-
proximately normal. Therefore, L(b) = (8 — b)" Z2'C;'Z(B —
b) follows the y’-distribution with p degrees of freedom, where
p is the number of parameters The weighted error sum of
squares S(b) = (u,, — @)'C,'(u,, — @) follows the x -distri-
bution with (n — p) DOF, where 7 is the number of measure-
ments. Then, the ratio

Lb)/p
S(b)/(n ~ p)

follows the F-distribution with p and (n — p) DOF. The vector
of parameters B which satisfies

B-bH'Z'C.'ZB - b) =

(u, — )"

X C 'y — &) F(p,n~p, 1~ ¢q) (14)
gives an approximate confidence contour, where F(p, n — p,
1 — g) denotes the F distribution with p and (n — p) DOF at
the (1 — g) probability level. The probability that the actual
values of parameters lie within the contour is 1 — g.

In practice, we plot sectional drawings of the confidence
contour in planes that correspond to each pair of parameters
B: and B;. All other parameters are equal to their estimated
values B, = by(k # i, j) in each of these planes. If all sectional
drawings in different planes are very long in the direction that
corresponds to a particular parameter, then either this param-
eter is unimportant or the experimental measurements are in-
sensitive to this parameter.

3. Principal Directions

Principal direction analysis helps us to identify the important
parameters. In this procedure, we find a vector of transformed
parameters which is the projection of the vector of parameter
estimates on the coordinate system defined by the eigenvectors
of the covariance matrix of the regressor variables.? This ma-
trix is the inverse of the covariance matrix of the parameter
estimates. The transformed parameters, which are linear com-
binations of original parameters, are statistically independent.
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Each of these parameters corresponds to an eigenvalue and an
eigenvector of the covariance matrix of regressor variables. It
can be shown that each eigenvalue of the covariance matrix
of regressor variables is equal to the change in the weighted
error sum of squares due to a unit change in the value of the
corresponding transformed parameter.’ Thus, the magnitude
of an eigenvalue is a measure of the relative importance of the
corresponding transformed parameter; the larger the eigen-
value, the more important the corresponding transformed pa-

rameter. The magnitudes of elements in the corresponding ei-

genvector indicate the relative contributions of the original
parameters to the transformed parameters.

Principal direction analysis allows us to identify and discard
unimportant parameters. An original parameter is important if
it mostly participates in eigenvectors whose corresponding ei-
genvalues are large compared to the smallest eigenvalue. On
the other hand, an original parameter is unimportant if it only
participates in eigenvectors whose corresponding eigenvalues
are small compared to the largest eigenvalue.

Principal direction analysis can also be used to reduce the
number of parameters by replacing them with a smaller num-
ber of new parameters that are linear combinations of the orig-
inal ones. These linear combinations are defined by the ei-
genvectors that correspond to the largest eigenvalues. The
procedure is demonstrated in Sec. IIL.D.

4. - Lack-of-Fit Test

The lack-of-fit test can be used to check if a joint model fits
the measured data, which is equivalent to checking if all of
the important parameters have been included in the model.'
In the lack-of-fit test, we compare the pure error due to the
noise in the measurements with the error due to the lack of fit,
which is the discrepancy between theoretically predicted dis-
placements and measured ones. If the latter is significantly larger
than the former, then the discrepancy between predictions and
measurements cannot be attributed to the randomness involved
in the experiment. In that case, the lack-of-fit test is failed. If
the model passes the lack-of-fit test, there is no reason to sus-
pect that the model is incomplete. We can test whether a re-
duced model, which. is obtained after discarding unimportant
parameters, fits the data by performing the lack-of-fit test.

The lack-of-fit test requires répeated measurements that-are
taken by repeating the experiment while keeping the values of
all regressor variables unchanged. Both.the pure error and the
error due to the lack of fit, weighted by the inverse of the
covariance matrix of measurement errors, follow the x>-dis-
tributions. Then, the ratio of the pure and the lack-of-fit errors
divided by the corresponding degrees of freedom follows the
F distribution:

@ —-a)'C;' @ —a)/(n—p—n,)

(u, — @'C; ' (u,, — W)/n,

~Fn-p-n,n,1-¢q) (15)

where i is a vector whose €lements are average displacements
from each set of repeated measurements, n is the number of
total measurements, p is the number of parameters, m is the
number of different sets of values of regressor variables, n, =
n —m = Z; n; — m denotes the number of degrees of free-
dom of the pure error, (1 — ¢) is the probability level, and »;
is the number of repeated measurements at the jth set of values
of regressor variables. When the ratio in Eq. (15) is smaller
than F(n — p — n,, n,, 1 — g), the model passes the lack-of-
fit test at a probability level (1 — g).

HI. Examples

The following procedure was used to test and illustrate the
proposed method for the identification of joints. We consid-
ered a finite element model of a car body with flexible joints.
Loads were applied to the car body and the resulting displace-

ments were calculated by finite element analysis. To simulate
the errors in measurements, we generated random numbers from
the assumed probability distribution of the measurement er-
rors. The calculated displacements were contaminated by add-
ing the generated numbers to them. Thus, the resulting sums
simulated the measured displacements. Then, we assumed that
the values of the joint parameters are unknown and used the
estimation method and the simulated measurements to estimate
them. The above procedure was applied to four examples. Since
we considered static displacements only, we assumed that the
standard deviations of the measurement errors were 1% of ex-
act displacements in most of the examples. We investigated
the effect of error in measurements and the number of mea-
surements in Sec. III.C. The car model that was used in the
examples is shown in Fig. 3. The material and geometrical
properties of the car structure are given in Table 1.

A. Classical Estimation and Simplification of a Joint Model

Figure 3 shows a car model with four stiffness parameters.
The values of the parameters are 8, = 1.13 x 108, B, = 5.65
X 10%, B3 = 1.13 x 10%, and B, = 1.13 X 10’ N-mm/rad.
We measured displacements u,, vy, 4, v,, Uz, us with load L,
applied. The magnitude of L, was 4448 N. Each displacement
was measured five times under which the structure was sub-
jected to the same load. Thus, the total number of measure-
ments was 30. The errors from repeated measurements were
assumed to be Gaussian, statistically independent, random
variables. The parameters were estimated by using the above
measurements. The estimated model was also tested by per-
forming the lack-of-fit test.

We summarize the results of classical estimation and prin-
cipal direction analysis in Table 2. Figure 4 depicts the sec-
tional drawing of the confidence contour in the plane of B8, and
B, which is the intersection of the hyper ellipsoid representing
the confidence contour of the parameter estimates with the plane
of B; = b; and B, = b,. This confidence contour corresponds
to a probability level of 0.95.

The following are observed from Table 2 and Fig. 4:

1) The estimate of 3, and its coefficient of variation are
large compared to those of the other parameters.

2) In principal direction analysis, the smallest eigenvalue is
almost zero. Only 3, contributes to the corresponding eigen-
vector. Furthermore, 8, does not contribute significantly to the

Table 1 Material and geometric properties of a car structure
in examples®

Part moment of inertia 7, mm®* area A, mm’
Shortgun 1.2971 X 107 9.4224 x 10°
Hinge 1.2971 x 10/ 9.4224 x 10°
Rocker 1.2051 x. 10° 1.1778 x 10°
Roof 3.6503 x 10° 9.0116 x 10?
Windshield 3.2662 x 10° 6.0077 x 10*
Center pillar 8.6060 x 10° 1.0467 x 10°
Rear pillar 4.3030 X 10° 5.2335 x 10?
*Young’s modulus: 2.0683 x 10° N/mm?.

120 } {em)

100 Yy B
u

a0l B, i

L
60 L3
40
20

1Y —
0 50 . 100 180 200 250

Fig. 3 Car model (examples III.A-C).
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Table 2 Classical estimation using a full model (8,, ., B,
B)—example IILLA

Table 3 Classical estimation using a reduced model (8,, B,
Bo—example ITI.A

Classical estimation®

Classical estimation®

Exact value of

Exact value of

parameter B;, Estimate of parameter Coefficient of parameter S;, Estimate of parameter Coefficient of
i N - mm/rad b,, N-mm/rad variation p; i N - mm/rad b;, N-mm/rad variation p;
1 1.13 x 10° 1.092 x 10° 0.08 1 1.13 x 10® 1.094 x 10° 0.08
2 5.65 x 10° 4.226 x 10° 2.62 3 1.13 x 10® 1.053 x 10° 0.07
3 1.13 x 10® 1.040 x 10° 0.07 4 1.13 x 107 1.101 x 10’ 0.13
4 113 x 107 1.014 x 107 0.27 Principal direction analysis
Principal direction analysis j Eigenvalue ), Eigenvector ¢,
J Eigenvalue A, Eigenvector ¢, 1 0.15 x 1077 -0.19 0.18 0.97
1 0.15 x 1077 -0.19 0.00 0.18 0.97 2 0.88 x 107° —0.56 0.79 ~-0.25
2 0.89 x 107° -0.56 0.00 0.79 -0.26 3 0.11 x 107° 0.81 0.58 0.05
3 0.11 X 107° 0.81 0.00 0.59 0.05 o - -
) 0.10 x 10°% 0.00 1.00 0.00 0.00 Weighted error sum of squares = 5.4188 x 107°
*Weighted error sum of squares = 5.3813 X 1074
: 120 (cm)
6
100
B/,
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------------------- ' Displacements predicted with a reduced modeI(Bl,B ,[34)
ot E ————— Displacements calculated with a rigid joint model
*xxkxkk Measured displacements
Fig. 5 Predicted displacements with a reduced model containing
three stiffness parameters, B,, B, and B, (example IIL.A).
2 F
E the reduced model is sufficiently accurate for predicting the
! response of the car body.
1 By/o Finally, we performed the lack-of-fit test in Eq. (15) to ver-
L 1 L L L y 0 . q
'4_ 4 2 0 2 4 s ify that the new model with B8;, B3, and B, includes all of the

Fig. 4 Sectional drawing of confidence contour in plane of g,
and B, (example II1.A). :

first three eigenvectors that correspond to the three largest
eigenvalues.

3) The sectional drawing of the confidence contour in the
plane of B; and B, is a thin ellipse whose long axis is almost
parallel to the direction of 8,. The other sectional drawings of
the confidence contour are also thin ellipses in the direction
of B,. Actually, the hyper ellipsoidal confidence contour in a
multidimensional space is very long in the direction of S;.

4) The estimate of B, is large compared to the estimates of
other parameters, which indicates that the actual value of 8,
exceeds the upper sensitivity threshold. We can calculate the
weighted error sum of squares with either 8, = 0 or B, = «.
The weighted error sum of squares is smaller when 8, = 0,
which means that the joint is rigid rather than free to rotate.

Based on the preceding observations and the fact that the
model in Table 2 passed the lack-of-fit test, it appears that the
model can be simplified by discarding S,.

Table 3 summarizes the results of classical estimation and
principal direction analysis for a reduced model containing only
three parameters 3;, B;, and B,. By comparing Tables 2 and
3, we observe that the reduced model fits the measurements
equally well as the full model. Indeed, the weighted error sum
of squares are almost equal for both models. Furthermore, the
estimated values of 8,, B;, and 8, in the reduced model are
closer to the actual values than in the full model. Therefore,

important parameters. The probability level used in this test is
0.95. The left-hand side of Eq. (15) was found to be equal to
0.11, which is less than the right-hand side, F(3, 24, 0.95) =
3.01. Therefore, there is no reason to reject the hypothesis that
the reduced model fits the measurements.

In Fig. 5, we plot the displacements predicted with the re-
duced model, the displacements calculated with a rigid-joint
model, and the measured displacements. It is also observed
that there are large discrepancics between the displacements
calculated with a rigid-joint model and the measurements, which
demonstrates the importance of considering the flexibility of
joints. The displacements predicted by the reduced model are
in very good agreement with the measurements.

B. Bayesian Estimation for Improving
the Parameter Estimates

We estimated the joint parameters of the same car body as
in the previous example by measuring the displacements u;,
V1, Uz, V3, Uz, Us once with load L, applied. We summarize the
results of estimation and principal direction analysis in Table
4. As in the previous example, we observe from Table 4 that
the measured displacements are not sensitive to ,. However,
we cannot draw any definite conclusion regarding B, because,
although the coefficient of variation of B, is large compared
with those of 8, and B, principal direction analysis indicates
that B, is important.

To decide whether B, is important, we took some additional
new measurements that were expected to be sensitive to B,
and updated the prior parameter estimates in Table 4 by ap-
plying Bayesian estimation. Thus, we measured another set of
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Table 4 Classncal estimation using six measurements from load
L,—example III.B -

Classical estimation®

Exact value of

parameter S;, Estimate of para:neter Coefficient of
i N - mm/rad b;, N-mm/rad variation p;
1 1.13 x 10° 1.142 x 10° 0.18
2 5.65 x 10° 1.000 x 18'* —_—
3 1.13 x 10° 1.216 x 10° 0.16
4 1.13 x 107 1.600 x 107 0.40

Principal direction analysis

j Eigenyalue A; Eigenvector ¢;
1 0.27 x 1078 -0.19 0.00 0.16 0.97
2 0:15 x 107° -0.58 0.00 0.77 -0.24
3 0.20-x 107'° . 0.79 0:00 0.61 0.05
4 0.32 X 107%* 0.00 1.00 0.00 0.00

3Weighted error sum of squares = 4.1555 X 107,
bUpper side constraint for the parameter estimate.
“Very large coefficient of variation.

Table 5 Bayesian estimation using the prior estimates in Table
4 and six more measurements from load L,—example IIL.B

Bayesian estimation®

Exact value of

parameter §;, Estimate of parameter Coefficient of
i N - mm/rad b;, N - mm/rad variation p;
1 1.13 x 10 1.118 x 10° 0.15
2 5.65 x 10° 1.722 X 10° 0.52
3 1.13 x 108 1.205 x 10° 0.12
4 1.13 x 107 1.545 x 10 0.16

. Principal direction analysis

J Eigenvalue A, Eigenvector ¢;
1 0.79 x 107° —0.06 0.00 0.11 0.99
2 0.24 x 107° -0.70 0.00 0.71 -0.12
3 0.51 x 107 0.71 0.00 0.70 -0.04
4 0.21 x 107" 0.00 1.00 0.00 0.00

*Weighted error sum of squares = 8.1063 X 107°.

the displacements u;, Va, U3, v3, Ug, Us once, with load L, ap-
plied. The magnitude of L, was 1334.4 'N. In Table 5, we
summarize the results of principal direction analysis as well as
the results of Bayesian estimation. By companng Tables 4 and
5, we observe the following:

1) The reliability of the estimates of all parameters improved
by using Bayesian estimation.

2) Principal direction analyses in both tables indicate that 3,
is not important.

3) The estimate of 3, was dramatically changed and its coef-
ficient of variation remained significantly larger than those of
other parameters after applying Bayesian estimation. This in-
dicates that the weighted error sum of squares and displace-
ments are not sensitive to B,.

4) The large value of the estimate of B, indicates that it
exceeds the upper sensitivity threshold.

Considering all these observations, we conclude that 3, can
be discarded. On the other hand, the improvement in the re-
liability of the estimate of B, was significant. From the value
of its coefficient of variation and the results of principal di-
rection analysis, B, appears to be the most important param-
eter. Therefore, B, should be retained in the joint model.

C. Effect of Number of Measurements on Estimation Results
The objective of this example is to study the effect of mea-
surement error and number of measurements on parameter €s-
timates. For this purpose, we measured the displacements u,
vy, Uy, Vo, Us, Us with load L, applied, to the same car body
as in the previous examples (Fig. 3). The values of parameters
were all equal to 1.13 X 10° N-mm/rad. This value is be-
tween the lower and upper sensitivity thresholds for each pa-

rameter. The magnitude of L, was 4448 N. The coefficients
of variation of measurement errors were.5%. We took the above
set of measurements once and also repeatedly. for 10, 20, 30,
40, and 50 times. Thus, the total numbers of measurements
were 6, 60, 120, 180, 240, and 300, respectively.

The estimate of B;, which is normalized by its exact value,
is plotted in Fig. 6 as a function of the number of measure-
ments. Centered around the normalized estimate of B, is a band
whose width is equal to two standard deviations of b,. It is
observed that the normalized estimate approaches the value of
one and the width of the band decreases with the number. of
measurements increasing. Similar trends were observed for the
other parameters.

D. Principal Direction Analysis for Simplifying a Joint Model
Figure 7 shows a three-branch joint of a car model in a plane,
where three parameters ), 3,, and B; were assumed to be
unknown. The values of these parameters were 8, = 1.13 X
102, B, = 2.26 x 10°, and B; = 1.13 X 10° N- mm/rad. The
value of B, was larger than the upper sensitivity threshold,
which means that the two horizontal branches of the joint were
practically rigidly connected. We measured displacements v,,
V4, Us by applying load L, and v,, v;, g by applying load L,.
The magnitudes of L, and L, were 3336 and 1334.4 N, re-

spectively. Each displacement was measured four times.

We summarize the results of principal direction analysis in
Table 6. For this example, the iteration procedure did not con-
verge because of the strong correlation between parameters.
However, principal direction analysis performed after a num-
ber of iterations shows how to simplify the model. More spe-
cifically, the first eigenvalue is at least 10° times larger than
the other two. From the smallest eigenvalue and the corre-
sponding eigenvector, it is clear that B, is not important. The
second eigenvector, which is practically the difference be-

Normalized Estimate of B,

3.5
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2.5
2.0
1.5

1.0

0.5

0.0 L L 1 )
0 60 120 180 240 300

Number of measurements

Fig. 6 Effect of number of measurements on the estimation re-
sults (example II1.C).
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Fig. 7 Three-branch joint of a car model in a plane (example
IIL.D).
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Table 6 Classical estimation using a full model (8,, 8., B;)—
example IIL.D (principal direction analysis) -

J Eigenvalue A, Eigenvector e; -

1 0.14 x 1077 0.000 0.709 0.705
2 0.77 x 107" 0.002 -0.705 0.709
3 0.53 x 107" 1.000 0.002 —0.002

Note: Estimates are not available because of strong correlation between
parameters.

tween B, and f3; , is also unimportant because the correspond-
ing eigenvalue is small compared to the largest eigenvalue.
The largest eigenvalue and the corresponding eigenvector in-
dicate that B, and B, can be combined into one new parameter,
which is their summation. This is the only important param-
eter. Thus, the joint model can be simplified by considering
one parameter, 8, + fB; , which restrains the rotation of the
center pillar with respect to the rocker.

To validate the preceding conclusions, we considered a re-
duced-joint model containing only one parameter y = B, +
B3, which restraints the rotation between the center pillar and
the rocker. We found by using the same estimation procedure
that ¥ = 3.408 x 10° N-mm/rad, which is almost equal to
the sum of the actual values of 3, and B;. This model passed
the lack-of-fit test, which indicates that there is no reason to
suspect that it is underparameterized.

In conclusion, principal direction analysis is useful not only
for discarding unimportant parameters but also for combining
two or more important parameters into-one, thus, reducing the
number of parameters in the joint model.

IV. Conclusions

A methodology for modeling and identification of flexible
joints in vehicle structures has been developed. It is assumed
that the joint behavior is linear. The method utilizes the mea-
sured displacements of the overall structure. In the examples
considered, it was demonstrated that 1) we can use nonlinear
estimation techniques to estimate the parameters of flexible joint
models from the measured displacements of the overall car
body; 2) we have tools (covariance matrix, confidence con-
tour, and principal direction analysis) to identify which param-
eters in the joint model are important; 3) Bayesian estimation
permits the design of experiments so that the joint parameters
can be estimated more efficiently and effectively than by clas-
sical estimation; and 4) we can improve the reliability of pa-
rameter estimates by taking more measurements repeatedly.
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